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Abstract. The Monte Carlo and Langevin dynamical methods of simulating the thermo-
dynamics of physical systems are compared by calculating relaxation times according to
the two dynamics for a system which is analytically tractable, namely a single (planar)
spin in a potential which has either a single minimum or two minima separated by a barrier.
With no restriction on the maximum allowed spin reorientation per Monte Carlo step the
Langevin method is faster than the Monte Carlo method for the single minimum potential.
However a careful choice of restriction can make the Monte Carlo method as efficient as
the Langevin method. For the double-well potential the Monte Carlo method with no
restriction is the most efficient. One is forced to use a finite-time step size when numerically
solving the Langevin equation and the departures this produces from the equilibrium
Boltzmann distribution are studied.

1. Introduction

In recent years, computer simulation has provided physicists with a large amount of
valuable information, especially in the field of statistical physics where exact solutions
can only be found for a small number of systems. Most of these simulations are based
on the Monte Carlo method. This involves setting up a Markovian process in which
the state of a system is iteratively replaced by a new configuration at each step. The
transition probabilities from one state to another are chosen in such a way that the
process will give the canonical (Boltzmann) equilibrium distribution. Free energies
and other static thermodynamical quantities can be obtained by averaging these
variables over many steps (Muller-Krumbhaar and Binder 1973).

The Monte Carlo method is by no means the only one used to simulate a statistical
system. Other methods such as solution of the Langevin equation have also been
suggested and used, both in the field of statistical physics (Bray and Moore 1982,
Meakin et al 1983) and in the field of particle physics (Parisi 1980, 1981, Drummond
et al 1982, Thomas 1984). The important point about these methods is that they all,
in principle, have the same equilibrium distribution, namely the Boltzmann distribution,
so any of them can be used as far as the computation of static thermodynamic variables
is concerned. However, one must note that in order to eliminate the effects of the
initial conditions, one needs to let the simulated system relax into equilibrium before
the process of averaging is started. In other words, the first M steps must be omitted
from the averaging. M is such that it should always be greater than 7./ 7., where 7, is
the longest relaxation time of the system and 7, is the step time (the time between two
steps). Obviously, the method which provides the smallest relaxation time per step
time is more efficient in the sense that fewer steps are omitted and hence less
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computational time is wasted. Also the statistical error on the result obtained from a
simulation is of order \/_]\Z/s/N where N is the number of steps included in the
averaging. Hence, in this respect the method with a smaller M (relaxation time per
step time) can also be considered more efficient as it provides results with a higher
accuracy for the same number of steps N.

In the first part of this paper we have compared the Monte Carlo dynamic, governed
by the master equation (Muller-Krumbhaar and Binder 1973), to the Langevin dynamic
by calculating the relaxation times at low temperatures. In order to do so we first had
to define the step time 7, for the Monte Carlo case. This is chosen in such a way as
to make the relaxation times of both dynamics equal in the high-temperature limit. In
fact, the choice of 7, does not affect the equilibrium distribution in the case of the
Monte Carlo method. It simply defines the time scale for the process (Binder 1979).
However, in the case of the Langevin method this is not so. As stated before both of
the methods have the Boltzmann distribution as their steady state solutions. This is
true in principle. But one must realise that when one is trying to solve a differential
equation such as the Langevin equation on a computer, the differential equation has
to be replaced by a recurrence relation. In other words, one replaces dx/d¢ by Ax/At
where At has a finite value. In doing so, a certain degree of error is introduced and
instead of the Boltzmann distribution one gets a slightly different distribution as the
steady state solution. The error is proportional to At (Parisi 1980). Here, Az is just
the step time 7,. Thus the amount of error which can be tolerated puts an upper limit
on the size of the step time. This effect will be discussed in some detail in § 5.

The calculations are performed for a single classical planar spin moving in (1) a
potential —h cos 8 and (2) a potential Dsin® 8. The first potential is a single-well
potential and represents the coupling between the spin and a magnetic field. The
second case is a double-well potential and can be regarded as an anisotropy field. It
is found that the Langevin equation approach is superior in the first case. However,
one can increase the efficiency of the Monte Carlo method by restricting the maximum
allowed change in the angle at each step. The choice of maximum allowed change in
the angle is critical and strongly affects the relaxation time. It is shown that with a
good choice one can make the Monte Carlo method as efficient as the Langevin
equation approach. In the second case, where a potential barrier separates two
equilibrium spin orientations, the Monte Carlo method is the better of the two. In
this case the greatest efficiency is obtained when no restrictions are imposed on the
maximum allowed chane in the angle. The result is intuitively obvious. Because the
calculations of the various relaxation times in the two dynamics can be performed
analytically for this very siinple system, we can for once establish quantitatively the
superiority of one dynamic over another. Moreover we expect that the features revealed
by these calculations will be true of more complex systems, such as interacting spins,
where direct analytic calculations of the kind performed here will not be feasible.

We have to point out that in certain special cases, for example when calculating
the connected correlation functions in the regions where they are small, it is still
advantageous to use the Langevin dynamic method (Parisi 1980, 1981). In some cases
the Langevin method might even be the only reasonable method that one can use. For
example if one is interested in dynamical processes themselves, as represented by
time-dependent correlation functions, then one simply has to use the appropriate
dynamical equations. For non-Ising spins, e.g. planar or Heisenberg spins, the Monte
Carlo method never provides realistic dynamical equations. However, in certain
situations, the Langevin equation may be realistic (Beton and Moore 1984).
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In § 2, we describe our simpie model in some detail and specify the two dynamics.
In § 3 we obtain the low-temperature behaviour according to the two dynamics for the
single-well potential and discuss the effect of restricting the change in the angle for
the Monte Carlo case. In § 4 we repeat the process for the double-well potential.

2. Models and dynamics

We shall consider a single planar spin of unit length governed by either the ‘magnetic
field’ Hamiltonian

#(8)=—h cos 6, (1)
or the ‘anisotropy’ Hamiltonian
#(0)= D sin’ 6. 2

In (1), 6 is the angle between the direction of the field and that of the spin, and
0=<6=2m There is one ‘easy’ direction of the spin along 8 =0, i.e. the potential has
a single well. The double-well potential (2) is typical of uniaxial anisotropy and the
easy directions are 6 =0 and 6= 7.

The Langevin equation for a planar spin is of the form

de/dt=—-33/30+f(1), (3)

where f(t) is a white-noise source generated by the coupling of the spin to its
surroundings (a ‘heat bath’) with strength

(F(O)f(1))y=2ke T8 (1 - 1'). (4)

Using equation (3) one can derive an equation for the probability distribution P(6, t).
This is just the Fokker-Planck equation (Chandrasekhar 1943, Wang and Uhlenbeck
1945), the eigenvalues of which would give us the relaxation times. The Fokker-Planck
equation for a planar spin has the form

ke T 8°P/36%+(03/30) 0P/36+ (3°%/36%) P =0oP/4t. (5)

It is easily seen that the equation has the Boltzmann distribution exp(—BH) as its
steady state solution as expected.

The Monte Carlo dynamic is described by the master equation (Muller-Krumbhaar
and Binder 1973)

aP(6,1t) _

o J w(8',0)P(0,1) dO’—J w(6, 8')P(6,t)do'. (6)

(8, 8") specifies the transition rate from a state 0 to a state 8’ and from now on we
will take it as being that specified by the Metropolis algorithm (Metropolis et al 1953).
That is

Qwmry)~! 8H <0
(27r,) " exp(—8%/ kg T) 8% > 0. (7)

This choice is made because the Metropolis (1953) algorithm is particularly simple to
use on a computer and hence is the one most frequently used in numerical work. 7,

appearing in (7) is the step time, in other words 7;' transitions are performed within
the unit time.

w(6, 8 ={
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In § 3 we shall solve equations (5) and (6) for the case of a single-well potential
and compare the results.

3. The solutions of the Langevin and master equations for the case of the single-well
potential

With a potential described by (1), the Fokker-Planck equation (5) becomes
ks T 8*°P/36°+ h sin 6 P/56 + h cos 6P =8P/ t. (8)

In the high-temperature limit, h « kg7, one expects the behaviour of the system to be
similar to that of a free spin with no magnetic field present. For this limit one can
approximate equation (8) by

kg T 3°P/36> =3P/ at 9)
which can easily be solved to give

P(8,t)= Y [A,sin(A/kgT)"?8+ B, cos(A/kgT)"/?0]e~*.
A=0

The periodic boundary conditions P(6, t})= P(6+2m,t) restricts the values of A to
n’kg T, where n is an integer. It follows that the dominant (i.e. slowest) relaxation
time is 1/kgT and the steady state solution is a uniform distribution as expected for
the high-temperature limit. The equation can also be solved in the low-temperature
limit if one realises that in this limit, h » k3 T, the spin will nearly always be parallel
to the field. That is, the probability of having a large # is very small. Using this fact
we can approximate the potential by

#(0)=—hcos 8=—h(1-36%
which leads to the following Fokker-Planck equation
kg T °P/36°+ h6 6P/30+hP =93P/ at (10)

which now has to satisfy the boundary condition P(6, t)>0 as 6 »cc. The solution
to equation (10) is of the form

P, )=Y fi(8)e™

A=0

where f(8) has to satisfy

3*f/36°+ (h6/kgT) 9f /30 +[(h+A)/ ks T1f =0.
Using the transformations

f(6)=(6) exp(—h6*/2ksT)
followed by

8=(2kgT/h)"*x
the equation can be transformed into Hermite’s equation

¢ /ox*—2x0¢/dx+(2A/h)d =0
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which together with the boundary condition stated above restricts the eigenvalues to
A =nh n=0,1,2,...

with corresponding eigenfunction
¢(x) = H,(x)

where H,(x) is the nth Hermite polynomial. Thus the solution to equation (10) becomes

P(6,t)=Y a,H,((h/2ksT)"?0) exp(—h8*/2ksT) exp(—nht) (11)

n=0

with a dominant relaxation time 1/h which, unlike the high-temperature limit, is
independent of T.

These results must be compared to the solutions of the master equation (6) in the
same temperature limits. With a Hamiltonian described by (1) the transition prob-
abilities (7) will become

Q2mr)™! CARSL]
= 12
w(6,6) {(27-1-1-5)‘l exp[Bh(cos 8'—cos 0)] |6 > 16| (12)
where B =1/kgT. Substituting (12) into (6) gives
3P(6. t +[0] -]
—%—)-= —P(86, t)(j Qmr)"! d6’+J (27r,) " exp[Bh(cos 8'—cos 6)] d6’
18| -
+ (277,)"" exp[Bh (cos 8’ ~cos )] d6’>
J+|6|
f+9
+ (2mr)™" P(8', t) exp[Bh(cos 6 —cos 6')] d6’
J -0}
r—8} T
+ PO, )(2mr,) ™! d9'+J P(8', )(2nr,)"' d0". (13)
J-7 +|8

The equation takes a relatively simple form in the high-temperature limit h« kT,
since in this limit all the terms exp[Bh(cos 6’ —cos 6)] tend to unity independently of
the values of ¢ and 6’ and we get

oP(8,1)

+m
sz P(8', 1)(2mr) ™" 40"~ P(8, 1)7;!

=-P(9,t)r. ' +Q2mr) "
which can easily be solved:
P(6,t)=Q2m) '+ A(8) exp(—tr]"). (14)

A(8) is a periodic function of @ determined by the initial conditions. From the above
solution it can be seen that the steady state distribution is uniform as one expects, and
the relaxation time is equal to the step time .. As mentioned earlier, the value of 7,
does not affect the equilibrium distribution in the case of the Monte Carlo simulation.
Hence by taking 7,=1/kg T, we can make the Langevin and the Monte Carlo dynamic
consistent in the high-temperature limit. In this way we have also defined the time
scale for the Monte Carlo method.
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We have not been able to solve the master equation (13) directly in the low-
temperature limit. However, a lower bound for the dominant relaxation time has been
found using a variational method. To see how this can be done one writes equation
(13) in the alternative form:

aP(6, 1) _

" J'H (min((Zwrs)_‘, exp[Bh(cos 8 —cos 8')](2mr,)™")

-
+7

-5(6-90") J- min((277,)”", exp[Bh(cos 8" —cos 8)]

X (277) ™) de") P9, 1) de".

Substituting a solution of the form f,(8) e™*" into the above equation gives the integral
equation

+

—Aﬂ(6)=J k(8, 6")f,(6") de’ (15)

with a kernel

k(8, 8")=min((277,)"", exp[Bh(cos 8 —cos 6))(277,) ")

~8(8-9") J min((277,) ", exp[Bh(cos 6" —cos 8)](27r,) ") db".

-

(16)

The first eigenstate of equation (15) is already known since it is just the steady state
solution with A =0. The eigenfunction has the Boltzmann distribution form:

fo(8) =exp(h cos 6/ kg T).

If one could find a function which when multiplied into equation (15) puts it into a
form where the kernel is symmetric in 8 and 6’, then according to the Hilbert-Schmidt
theory (Courant and Hilbert 1953), one knows that any two different eigenfunctions
of this new equation are orthogonal and they form a complete set. Thus, it is possible
to carry out a variational calculation for the second eigenvalue.

The details of this calculation are given in appendix 1 and it is shown that in the
low-temperature limit, (h » kz T), the second eigenvalue is such that

A<377'QkgT/w*h)"2
With 7,=1/kgT as before, the dominant relaxation time 7, becomes
Te=A"'23h' 207 2 T) 2, (17)

Thus, comparing this result with that obtained for the Langevin method (r,=1/h), it
can be seen that in the low-temperature limit the Monte Carlo method specified by
transition probabilities (12) (which imply no restriction on the maximum value of
change in the angle in one step) is slower than Langevin dynamics for a single-well
potential. In order to improve the Monte Carlo method, transition probabilities (12)
have to be modified in such a way that they will limit the change in the angle to a
certain value. For the best result this value must be chosen carefully to be a specific
function of temperature. We argue below that A, the limit on the maximum change
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in the angle, has to be proportional to T'? if the smallest relaxation time is to be
obtained.

At first sight it might seem that the restriction imposed on the change in the angle
will limit movement in phase space and thus would increase the relaxation time.
However, this is not the case. Consider a spin in a state close to the bottom of the
well and at low temperatures. The range of angles for which the energy would decrease
would be a rather small proportion of the total angles which could be chosen for the
next step if there is no restriction. This means the chance of accepting a move would
be small and the system would remain in the same state for a large number of steps.
This gives rise to a long relaxation time. Now, if one restricts the magnitude of change
in the angle to be smaller than A, then the angles for which the energy would decrease
will be a much larger proportion of the total angies which can be picked for the next
step and should improve the relaxtion time. A good value for A has to ensure that on
average the chance of accepting a move at each step has to be about half, but at the
same time it must not be so small as to restrict the movement in phase space un-
necessarily. From equipartition, the average magnitude of the angle 6 at low tem-
peratures is approximately proportional to T'/%, If A is approximately T" for n <3 the
value of A will be much larger than the average magnitude of 6 at low temperatures. In
this case one expects the results to be similar to those of the case with no restriction.
On the other hand, if one chooses n> 1 then A will be much smaller than the average
value of # as temperature decreases, and this produces severe restriction on the
movement in phase space which will give rise to a long relaxation time. Thus it follows
that the best value for n should be 3. This ensures that the ratio of the average value of
6 (or more precisely RMs value of ) to A stays constant as temperature is varied.
Choosing A= (B8h)~"/? the transition probabilities can be written as

=0 16—6|>A
w(6,0)=.=Qar)"" l6-01<A,8%<0
=(2A7,)"! exp[Bh(cos 8’ —cos 6)] l0—0|<A, 8%>0.

Carrying out a variational calculation similar to that aiready performed for the
case with no restriction, gives a lower bound for the relaxation time =7,=1/kpT.
Although this result and the result (17) are both only lower bounds, we expect the
actual relaxation times to have the same temperature dependence. Comparing the two
Monte Carlo methods one can see that the relaxation time at the low-temperature limit
has improved by imposing a restriction on the value of the maximum allowed change
in the angle that can take place in one step. However, it is still longer than the relaxation
time for the Langevin method. At first this might suggest that the Langevin method
is more efficient than the Monte Carlo case. However, the efficiency of the method is
not determined only by its relaxation time but also by the step time, in other words it
is determined by r./7,. As will be seen later it follows that the Monte Carlo method
with the restriction can be made as efficient as the Langevin method.

4. Tae case of a double-well potential

The results obtained in § 3 might not be true in general if one is dealing with potentials
more complicated than that given by (1). To see why this might be so, consider a
double-well potential such as that described by (2). The important difference between
this and a single-well potential such as (1) is the presence of a barrier in (2). This



3512 R Ettelaie and M A Moore

means that in the case of the Langevin method, the spin needs to gain sufficient energy
from its surroundings in order to make a transition from one well into the other. The
white noise f(z), representing the interaction of spin with its surroundings in equation
(3), has a strength which decreases as temperature is decreased. Therefore, the
probability of obtaining sufficient energy to overcome the barrier becomes very small
at low temperatures and large barrier heights, which leads to very long relaxation times
as compared to the relaxation times for a single-well potential.

Unlike the Langevin method, the relaxation times for a single and double-well
potential are not expected to be very different in the case of the Monte Carlo method
with no restriction. If the spin is in a state 6 and a new state 8’ is chosen in the next
step, a transition from 6 to €' is definitely made if that involves a decrease in energy,
otherwise, it is made with a probability exp(—B6E). This is true whether 8 and 6’ are
states within the same well or within different ones. Thus, even at low temperatures
and large barrier heights, transitions from one well into another can easily take place.

We shall support the above view by calculating the relaxation times for both
dynamics. The Monte Carlo method with restriction is not discussed as it is unlikely
that this improves the efficiency of the method as far as potentials with barriers in
them are concerned.

Substituting (2) into the Fokker-Planck equation (5), we obtain

8P/3t=kyT 3°P/06%+ D sin26 0P/36+ (2D cos 28)P. (18)

At this stage one can use Kramer’s method (Chandrasekhar 1943) to calculate the
relaxation time. This method is based on the assumption that the equilibrium is
established much faster within the individual wells compared to the time taken for it
to be established between the two wells. Kumar and Dattagupta (1983) have presented
an argument justifying the above view. Brown (1963) has obtained the relaxation time
for the more complicated case of a Heisenberg spin in a double-well potential. Our
calculations are very similar to those of Brown and for that reason we shall omit the
detail and simply quote the answer. The largest eigenvalue determining the dominant
relaxation time is given by

A=2/(BL,) (IT'+13") (19)
where

m=exp(BV(m/2))(2m)"*(BV"(m/2))”""? (20a)

I, =(27/BV"(0))""* exp(~BV(0)) (20b)

L=Q=/BV"(m))"? exp(=B(m)). (20¢)
Using potential (2) and results (19)-(20), we have a relaxation time

7.=A"'~exp(BD). (21)

One can also get an estimate of the relaxation time for the Monte Carlo case with
potential (2). The calculations are given in appendix 2 and show that the relaxation
time required for the equilibrium to be achieved between two wells is

7.=g(7BD)" 1., (22)

Defining 7,=1/ksT as we have done all along and comparing (22) with (21) clearly
proves the point made earlier in this section. That is in the temperature limit, D » kT,
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and in the presence of a barrier in the potential, it is the Monte Carlo method which
is faster than the Langevin method. In fact, the presence of the exponential factor in
(21) ensures that the Monte Carlo method is very much better than the Langevin
method for this case.

5. The effect of the step time on the Langevin method

As mentioned in the introduction, the Langevin equation (3) has to be replaced by a
recurrence relation before it can be solved on a computer. The recurrence relation
has a form

6,,_”:0,,_(8[{/86]9,__9" _fn)At (23)

where 8, is the new value of 6. 8, is the value of 8 at the nth step and the time is
discretised in steps of At, i.e. t=n At. Following Bray and Moore (1982) we have
assumed that the random noise f, At has a Gaussian distribution with zero mean and
variance 2Atkg T. Also it is assumed that values of f, for two different values of n are
independent. Using the above distribution for f, At it is obvious that f, itself has to
have a Gaussian distribution of the form

P(f,) df, = (&t/4mksT)"? exp(~Atf7,/4ksT) df,. (24)

The probability distribution of 6,., depends on both the distribution of 8, and
that of f,. It is given by

Py(6,.)) = JJ P5(0,)P(f,)8(6,s1— 0, +(0H/36 - £,) At) df, d8,. (25)
Using the integral representation of a § function, equation (25) becomes

Pi(8,41) = JJ‘J Py(6,) expliu(8,., = 6, +(8H/46) At - f, An))(an)'"?

xexp(—Atf2/4kyT) df, d6, du/2m(47ks T)"2. (26)
Now, the integral in f, followed by the integral in u can be evaluated to give

exp[—(0p+,— 8, +(0H/30) At)*/4kp T At]
(4mks T A1)'/?

Pl(en-ﬂ):‘[ P2(0n)d0n (27)

In order to simplify the calculation, from now on we shall take H(8) =1h6°. This
is a reasonable assumption to make if one is dealing with any single-well potential in
the low-temperature limit. One can now proceed to derive the Fokker-Planck equation
from (27). In the limit Az - 0 the equation would be the same as (10) with a Boltzmann
distribution as its steady state solution. However, if At is finite then some extra terms
of order At, (At)*, etc would appear in the equation, slightly perturbing the steady
state solution away from the Boltzmann distribution. In order to calculate this new
steady state solution, we have found it easier to actually solve (27) directly rather than
deriving the Fokker-Planck equation with the extra terms and then trying to solve this.



3514 R Ettelaie and M A Moore

Substituting a trial solution of the form

A 12 ( —A63 )
Y S Ll 28
P(6,) (4wk3m:) XP\2ks T A1 (28)
into (27) and carrying out the integration in x, gives
1 ”2( A )”2 ( ~A6%,, >
- —_—nr 29
Pi6nr) (47-rkBTAt> r+a?) TP\GkT At(a®+A) (29)
where «a is given by
a=1-hAt

If P,(6,) as defined by (28) is to be a steady state solution of the equation (27) then
one requires distribution (29) to have the same form as (28), i.e.

—A(a?+A) =
Thus
A=1=a?
=2h At—h*(Ar), (30)
Substituting (30) into (28) one has the steady state solution of equation (27):
P(8)= (——th;l;;zgﬁt)z)”z exp(h:kitf.z) exp(;kh:;). (31)

It can be seen that this solution is not the Boltzmann distribution if At is finite.
However, if the limit At - 0 is taken then one obtains

ho\V? —he?
P(6)= <2kaT> e’“’(szT) (32)

which is just the expected Boltzmann distribution. Only retaining the terms up to and
including At, equation (31) can be written as

1 h292 >( h >l/2 (—h92>
= _1 + - t . 33
P(®) <1 At T A N\ oeT) Pkt (33)

The first term in the above expression gives distribution (32) and the next two terms
are the leading extra terms that appear due to At being finite. With the help of (31)
and (32) one can also calculate the error produced in a given quantity of interest.
For example consider (#%. According to (31) the value of this quantity would be
(ks T/h)(1—h At/2)”" whereas the true value given by distribution (32) is kgT/h.
Hence, a relative error of 3h At, (up to first order in At), has been introduced into the
quantity (8. Note that this type of error is present in addition to the random error
which arises as a result of the averaging process over the steps and also the error due
to the influence of the initial starting state (errors also present in the Monte Carlo
method). The random statistical error and the influence of the initial condition can
both be reduced if one averages over larger and larger numbers of steps. But the error
introduced by discretising the time in the Langevin equation is not reduced by increasing
the number of steps. This must be considered as a disadvantage of the Langevin
method compared to the Monte Carlo method. The way to reduce this error is to
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introduce extra terms into the Langevin equation as has been suggested by Parisi
(1980), or to use a more refined expression for the derivative (Drummond et al 1982).
One might think that a similar kind of error must also exist in the Monte Carlo method.
After all the time in the master equation (7) is continuous whereas the Monte Carlo
steps in a computer are discrete. However, this is not so and as long as the transition
probabilities are defined such that they satisfy the detailed balance equation, the system
will approach the correct equilibrium distribution (Muller-Krumbhaar and Binder
1973).

In the last two sections we compared various relaxation times for both the Langevin
and the Monte Carlo method but little attention was paid to the effect of step time.
With the aid of the calculations made in this section we are in a better position to
compare the two methods, at least for the case of a single well, by taking the step time
into account. To do so, first we need to have criteria for choosing At in the Langevin
method. We assume that the relative error introduced in (6?) due to discretised time
must be equal to less than & That requirement leads to the following restriction on
the value of At

At=<2¢/h. (34)

In § 3 the dominant relaxation time for the Langevin case and a single-well potential
was shown to be 1/h. Assuming that this is so even for finite but small values of At,

then the number of steps required for the system to get to equilibrium would be given
by

M=
T At
_ 1k _ 1
T2¢g/h 28 (35)

Thus, in order to reduce the error due to discretising the time one has to have a smaller
step time which simply means that the system will require a greater number of steps
to get to the equilibrium. For the Monte Carlo case without restriction M is given by

M=r/7
=4(7*h/2ks T)" (36)

where 7, is the relaxation time and was shown to have a lower bound of i 7.(7*h/2kg T)"/?
in § 3. Comparing (35) and (36), one can see that the number of steps required for
achieving equilibrium in the Monte Carlo case with no restriction is going to be larger
than that for the Langevin method, at very low temperatures, due to the T '/2
dependence in (36). However, the temperature at which this happens decreases with
decreasing &

For the Monte Carlo method with restriction 7, is proportional to 7,=(kgT) .
One can immediately see that M becomes independent of temperature in this case,
similar to that for the Langevin method.

A similar calculation for double-well potential could also be done if one could
derive an equation like (27) and obtain the solution to it. We have found this
to be a rather difficult task. Whatever the result might be though, we feel that the
exponential factor exp(D/ ky T) appearing in the relaxation for the spin in a double-well
potential in the Langevin case, is going to ensure that the Monte Carlo method will
be the more efficient of the two in the low-temperature limit.
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6. Summary and conclusion

In order to reduce the error caused by the influence of the initial configuration when
the equilibrium properties of a system are being studied using computer simulation,
one has to omit the first few steps from the averaging process. The number of steps
to be omitted' depends directly on the longest relaxation time of the system.

Langevin and Monte Carlo dynamics of a single planar spin were compared by
solving the Langevin and the master equation in the low-temperature limit in order to
see which had the smaller longest relaxation time. The time scale for the Monte Carlo
method is defined by having 7, (step size) equal to kzT. It is shown that this choice
makes the two methods consistent in the high-temperature limit.

It was found that the spin interacting with a single-well potential has a relaxation
time independent of the temperature, in the low-temperature limit, when the Langevin
dynamic is considered. For the Monte Carlo method without any restriction on the
maximum allowed change in the angles, a variational calculation gave a lower bound
which was proportional to T~ for the relaxation time in the same temperature limit.
These results show that the Langevin method is faster when one is dealing with
single-well potentials in low-temperature limits. The Monte Carlo method could be
improved by ensuring that the change in the angle at each step is not greater than a
certain upper limit. It was argued that for the best result this upper limit had to be
of order (Bh)~'/2. In this case a variational calculation gave a lower bound proportional
to T~ for the relaxation time in the low-temperature limit.

One can make a better comparison between the two methods if one also takes into
account the effect of the step size, i.e. calculate the number of steps required for the
system to reach equilibrium for each of the two methods above. For both the Monte
Carlo case with restriction and the Langevin method, this is independent of temperature.
However, it was shown that for a finite step size (At), the equilibrium distribution
deviated from the Boltzmann distribution in the case of the Langevin method. This
introduced a relative error of the order 3h At in the quantity (8. Thus in order to
reduce this error one has to make At as small as possible. This means a larger number
of steps (which is equal to relaxation time divided by the step size), is required for
the equilibrium to be achieved. Thus it appears that unless there is a need to compute
correlation functions (Parisi 1980) or explicit time dependence (Bray and Moore 1982)
the Monte Carlo method is the method of choice.

When a double-well potential was considered it was found that the relaxation time
for the Langevin case varied as exp(D/kgT) as T -0, D being the height of the barrier
in the potential. For the Monte Carlo method (with no restriction) the relaxation time
had the same temperature dependence as the single potential case, that is 7% Thus
introduction of a barrier into the potential causes the Langevin dynamic to become
much slower but leaves the relaxation time for the Monte Carlo method almost
unchanged. These results clearly show that for any potential with one or more barriers
in it the Monte Carlo method is the more efficient of the two.
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Appendix 1

In this appendix we present the details of the variational calculations which lead to

equation (17). Multiplying both sides of equation (15) by a function exp (—3Bh cos 6)
and defining

£:(6) =£,(8) exp(—1Bh cos 6)
gives

—Ag.(6) =J K (6, 6") exp(—3Bh cos 0) exp(+3Bh cos 6')g.(6") (ALYD)

-

where K(#0, 8') is given by (16). Equation (Al.l) is a new integral equation with a
kernel K (6, 8') exp(—3Bh cos 0) exp(38h cos8') which is now symmetric in 6 and 6.
Thus, according to the Hilbert-Schmidt theory its eigenfunctions are orthogonal. The
first eigenstate is known. This is

g0(0) = fo(6) exp(~3Bh cos ) = exp(3Bh cos 6).
According to the variational procedure if g,(#) is any arbitrary function orthogonal

to go(o), then

A< (——J ! '[ ’ g1(8)K (6, ') exp(—3Bh cos 9) exp(+38h cos 8')g,(6’) d9'd9)

-7 W=7

x( J 7 laon de)_ (A12)

-

where A is the first non-zero eigenvalue. Trying
g.(0) =exp(3Bh cos 8) sin 6

which is orthogonal to the ground state go(6) and with K (9, ') given by (16), one
can evaluate the integral in 6’ to give

A <(27r~rs)_’ {77 sin? 6 exp(Bh cos 6)(2/6]+2 |5 d8” exp[Bh(cos 8" —cos 8)]) d8
N §*7 d6 exp(Bh cos 6) sin’ 6 ’

In the low-temperature limit, h » kg T, we have

J sin® 8 exp(Bh cos 8) dg =2 J 6% exp(Bh) exp(—3Bh6?) d6

—a 0

=(2m)""* exp(Bh)(Bh) 2
and

J |6 sin® 6 exp(Bh cos 6) df =2 J' 6° exp(Bh) exp(—3Bh6?)
o 0

=4 exp(Bh)(Bh)~.
To evaluate

J (exp(Bh cos 6) sin” 6 J exp[Bh(cos 8" —cos 6)] d6”) de
16l

-
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the substitution #”=6|+ « is made which leads to

2 Jﬁ <exp (Bh cos 8) sin® 6 J

[¢] 0

=8

exp[Bh(cos|8] cos a —cos § —sin|f]| sin a)] da) de

o<

=2 J‘” dé exp(Bh cos ) sin® § J da exp[Bh(—3a’ cos|8} — a sin|@])]

0

=2 f d6 exp(Bh) exp(~48h6%)6%(Bh6) ™' =2 exp(Bh)(Bh)
0

We have treated the limit 7 — 6 as ©© when evaluating the integral in @ which is not

a good approximation if # = 7. However, the term exp(8h cos ) sin® § which appears

in the integral ensures that the contribution from the region 6= = towards the final

answer is negligible in the low-temperature limit. Hence, we have

A<377'(2kg T/ w2 h)Y2

Appendix 2

In this appendix we calculate the relaxation time required for the equilibrium to be
achieved between two wells, assuming that equilibrium has already been established
within each well. The transition probabilities are those governed by the Metropolis
algorithm (7). The double-well potential (2) has one minima at 8 =0 and one at 6 = 7
(or —7) and maxima at § = —jm and 6 =37 The probability of being in the well about
6 =0 is given by

+/2 +/2
n1='[ P(ﬂ)d9=J P(0) exp[-B(V(6)—V(0))]1dé

—-7/2 —-m7/2
=1,P(0) exp(BV(0)) (A2.1)

where P(0) is the value of the probability distribution at 8 =0 and we have assumed
that P(6) is given by the Boltzmann distribution within the well. I, is given by

I=(2m/BV"(0))"? exp(—=BV(0)). (A2.2)

In a similar way, the probability of being in the well about 8 = 7 (or — ) is given by

—w/2
"2=J’ P(—m) exp[-B(V(0) - V(-m))]d6

-

N J P(r) exp[~B(V(8) - V(m))] db

+m/2
=L P(7)exp(BV(m)). (A2.3)
Note that due to periodic boundary conditions P(w)= P(—=). I, is defined as
Li=Qm/BV"(m))"? exp(=BV(m)). (A2.4)

Now we need to calculate the total transition rate from the first well into the second
one and vice versa. We shall refer to these as w,, and w,, respectively. In order to
obtain w,, we have to get the sum of the transitions made from all the states in the
first well into a particular state in the second well and then we have to sum this over
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all the states in the second well. This is just the integral

0,=m 0,=/2
CL’12=J' J P(9,)w(6,, 6,) dé, d6,

O=m/2 4B =—7m/2

8,=—m/2 [ 6,=m/2
+J’ J’ P(Gl)w(el, 02) d01 d¢92.
6y =—m/2

With P(6,) = P(0) exp[-B(V(8,) - V(0))] and w(8,, 6,) given by (7), each of the above
integrals breaks into more integrals. These can quite easily be evaluated to give

@12=[8P(0)/BV"(0)]r;" (A2.5)

By=—1r

and in a similar way

wy =[8P(m)/BV"(m)]7.". (A2.6)
Now n,, the probability of being in the first well satisfies the simple equation

= w,y — Wi, (A2.7)

Also we have n;=1—n,. Thus by expressing w,, and w,, both in terms of n;, we will
have a differential equation for n, which can be solved to give us the relaxation time
required. To do so substitute (A2.5) and (A2.6) into (A2.7):

Ay =4(Bh)"'r'(P(m) - P(0))

where we have also used the fact that V"(0)= V"(#)=2D for the potential
D sin® 6. Now using (A2.1) and (A2.3) we have

P(m)=nyexp(-BV(a)I;' =I5
P(0)=n, exp(-BV(O)IT' =n,I}"
which when substituted into (A2.8) gives
Ay =8(BV"(0) ' [(1=n) I3 = I7'].
Solving the above differential equation gives a relaxation time
m=[4(BD)"' (1T + 13)]7"
With I, and I, defined by (A2.2) and (A2.4) this becomes

7.=4(7pD) ..
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